In this paper we show that the prime length of a crossed product R*G , where R is a right Noetherian ring and G is a polycyclic-by-finite group, is bounded by the plinth length of G and the prime length of fi. We begin by considering prime ideals in group rings of finitely generated Abelian groups, and generalize a theorem of J. E. Roseblade. We then use the description of prime ideals in crossed products given by D. S. Passman to achieve the result.
Introduction
Let R * T be a crossed product of the ring R and the group T. In [3] , D. S. Passman showed a correspondence between prime ideals of 7? * F disjoint from R, for R right Noetherian and T polycyclic-by-finite, and prime ideals of a twisted group ring F'G , where F is a field related to R and G is a certain subgroup of T. He then described the primes of F'G using the results of J. E. Roseblade [4] . In this paper, we use Passman's description to improve the bound given in [3] (Corollary 4.3) on the prime length of such a crossed product. The main result is the extension of [4] (Theorem D) on prime ideals of group rings of Abelian groups described in the final paragraph of [3] , which enables us to involve the action of T on G.
Thorughout this paper we will assume a familiarity with the notation and results of [4] , [3] , and [2].
Let T act on F'G and suppose T normalizes the group of trivial units & = {fg : f e F' ,g e G}. Then for -1 ¿ / 6 F', y e T, we have
(1 + f)y = 1 + f1 G &, so f G F , and we see that T also normalizes F'. Thus, there is an action of T on 9'¡F' = G. We show in this situation that the T-prime length of FlG is at most the T-plinth length of G. Then, using the correspondences given in [3] , we obtain a bound for the prime length of the crossed product R * G in terms of the plinth length of G.
Group rings of Abelian groups
We start by considering the group ring R = F[A] of a finitely generated torsion-free Abelian group A over a field F. Suppose T is a group of operators on 7?. Since A is an ordered group, all units of 7? are trivial. Thus F permutes s/ , the group of trivial units, and we have an action of T on si¡F' = A . Theorem D of [4] states that if F normalizes Acs/ and centralizes F', then any faithful T-invariant prime ideal P of R is controlled by DA(T). Here, we allow arbitrary T action, but require that no element of A C R be algebraic ( mod P) over F, and we show that DAÇT) controls P. Notice that our additional hypothesis forces P to be faithful.
For the remainder of the section fix a T-invariant prime P of F If we follow the exposition of Roseblade's theorem and proof in ([2], §10), we see that it goes through in our case, with only minor changes in the wording, until Lemma 10.3. The proof is an induction on the rank of A which reduces the problem to the cases where either all elements of A/DA(T) are T-orbital or DA(T) is maximal isolated orbital. It is these two cases which are dealt with in Lemma 10.3. The second case, handled fairly easily there, constitutes most of the work here. We now take care of the first case. Either ôx -ôx = 0, so supp(a -ax) meets fewer cosets of D than supp(a), or ôx -ôx t¿ 0. In the latter case, since tr(<5,) = 1, | supp^ -ôx)\ < [ supp(f5,)|. For the case where DA(V) is maximal isolated obital, we will assume that DA (T) does not control P and show that each element of T must act finitely on A . We will then apply the following lemma from the theory of linear groups (see [5] , §9.1). ,dn], and, mod P, a satisfies an algebraic equation over F[dQ,dx, ... ,dn]. Let 5Z'=o à ¡a' e P be a relation of minimal degree. Note that S0 ^ 0 and t > 1. Another relation is ¿Z'i=0°?(«*)* € P. In F[A], (a')g = /Va' for some f e F, so iZ'i^fo^fb'a1 G P and î?iss0f*ôfb'ôia' G P are two minimal relations with the same coefficient of a'. Thus, if we look at the term with / = 0, we see that ô^ = /ôfâçb'. Notice that since T centralizes D, r normalizes F[d0,dx, ... ,dn] and stablizes any F-subspace spanned by a monomial. Thus the degree in d0 of <5; is the same as that of of . But t > 1 and d0 -b, so the degree in d0 of ô(Ôq is less than the degree in dQ of f'âfS0b', a contradiction. It follows that b must be algebraic over F. 
T-PrIME LENGTHS
Recall that F'G is a twisted group algebra of G over F. We now obtain a bound on the T-prime length of F'G. For 7? a ring and G a group, denote by prr(7?), the T-prime length of R, and by pr(G), the T-plinth length of G. Proof. Since every ideal of F'G is & invariant, we may assume that & is a normal subgroup of F. Then anything which is F invariant is also G invariant. For A a subgroup of &, denote by X the image of A mod F'. The arguments of [4] ( §8.1) also work for twisted group rings. These, combined with [3] (Lemma 4.1), allow us to replace G and F by subgroups of finite index. In particular, by [3] (Proposition 3.2) , we can replace G by the subgroup nio2(G). We will associate to each T-orbital prime P of F'G a non-negative integer t(P) . For this we require some notation.
First, we define P' = {fg G & : I -fg G P, f G F,g G G}. Note that P' < £\ so P' < G. Define V'G(P') as follows. If X/P' = A(&/P'), then V'G(P') = X. Now, let N = V^(P'). By [3] (Propositions 3.6 and 4.2), we know that C t P = L for some prime L of F N unique up to conjugation by Í?. From the discussion following [3] (Proposition 3.6), we see that there is an A ç N such that A/P' is torsion-free Abelian, \N : A[ < oe, and Fl(A/P') is a central subring of F'(N/P'). Since N < G, we can choose A < G.
Let Q be the image of L in_ F^N/P1). Then Q_n F^A/P1) is prime, so we can consider the set B/P' of elements of A/P' which are algebraic (mod Q n Fl(A/P')) over F. Clearly B is a subgroup of ,4, and A/B is torsion-free. Since P is T-orbital, L is, so there is a subgroup T0 of finite index in T which stabilizes P, L, and anything uniquely determined by P or L including TV. Since A has finite index in N, there is a subgroup A of finite index in T0 which stabilizes A , and hence A also stabilizes B . Now, let D/B = DA/B(A). Since P' maps to F, mod L n FlD,
is a commutative integral domain, so it makes sense to look at its transcendence degree over F . Define t(P) as follows: Suppose that A, is another choice for A in the definition of t. To show that both give the same value of t , it suffices to show that, say, using A gives the same result as using A2 -A n Ax . We may replace A by A2 ç A of finite index which stabilizes A2. Let 772 and D2 be the subgroups of A2 which correspond to B and D. is algebraic over F'D2/(LnF'D2). Clearly pA(G/D) = pA (G/D2), so it follows that the value of t is independent of the choice of A.
Suppose P < P are two T-orbital primes of F'G. Our goal is to show that t(P) < t(P) . We can assume that T stabilizes P, P, and all of the corresponding structures for each as described above. Let 7 = (x -1 : x G P1). Then 7 ç P < P and F'G/! s e'(G/P') , so we can assume that P' = 1. Thus A is torsion-free Abelian and F'A is commutative, so and since /í has finite index in A, L = L. Thus, by [3] (Theorem 3.6), P = P is a contradiction. It must be that the second inequality in (**) is strict, so t(P) < t(P) . 
